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SMOOTHING PROPERTIES OF THE FRIEDRICHS OPERATOR ON Lp
SPACES
LIWEI CHEN AND YUNUS E. ZEYTUNCU
Abstract. We show that the Friedrichs operator exhibits smoothing properties in the Lp scale.
In particular we prove that on any smoothly bounded pseudoconvex domain the Friedrichs oper-
ator maps A2(Ω) to Ap(Ω) for some p > 2.
1. Introduction
Let Ω ⊂ Cn be a bounded domain. For 1 ≤ p < ∞, Ap(Ω) = Lp(Ω) ∩ O(Ω) denotes the space
of holomorphic functions on Ω that are p-integrable with respect to the Lebesgue measure on Cn.
When p = ∞, we use the notation H∞(Ω) = L∞(Ω) ∩ O(Ω) to denote the space of bounded
holomorphic functions on Ω.
The Bergman projection operator B is the orthogonal projection operator from L2(Ω) onto the
Bergman space A2(Ω). A closely related operator to B is the Friedrichs operator F on A2(Ω)
defined by
F : A2(Ω)→ A2(Ω)
F(g) = B(g).
Originally introduced in [Fri37], F has been studied extensively on planar domains, see [Sha87,
Sha92, PS00, PS01]. In particular, it is known that a planar domain is a quadrature domain if and
only if the corresponding Friedrichs operator is of finite rank [PS00, Theorem 2.4]. Recently this
operator has been studied on higher dimensional domains, and interesting smoothing properties
have been obtained. It is known that the analytic properties of B depend on the geometry of the
underlying domain Ω. Under various geometric conditions on Ω, B preserves function spaces such
as W s(Ω), Lp(Ω), and C∞(Ω). However, since B reproduces holomorphic functions, it generally
does not smooth the input function (see however [HM12, Theorem 1.3] for a partial smoothing
property). On the other hand, it is noticed in [HM12, HMS13, RZ16] that F may demonstrate
smoothing properties. Indeed, if Ω is smooth and satisfies condition R, then F maps any function
in A2(Ω) into C∞(Ω) [HMS13, Corollary 1.12]. Furthermore, under some symmetry assumptions
F holomorphically extends any input function to a strictly larger domain [RZ16, Theorem 1.1].
In this note we study the smoothing properties of the Friedrichs operator in the Lp scale.
As in the Sobolev scale, we prove that F improves integrability. We start with a result similar
to [HMS13, Theorem 1.1] and illustrate how F gains Lp integrability if B satisfies certain Lp
estimates.
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Theorem 1.1. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain and p > 2. Suppose
that there exists r ∈ [p,∞) such that B : Lr(Ω) → Ap(Ω) is bounded, then F : A2(Ω) → Ap(Ω) is
bounded. Moreover, for g ∈ A2(Ω), we have
‖F(g)‖Lp ≤ C‖g‖L1 .
Using this result, the Sobolev emdedding theorem, and the weighted results in [BC00] we also
obtain low-level Lp regularity of F on general domains.
Theorem 1.2. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain. There exists ε =
ε(n,Ω) > 0 such that F : A2(Ω) → Ap(Ω) is bounded for any p ∈ [2, 2 + ε). Moreover, for
2 ≤ p < 2 + ε and g ∈ A2(Ω), we have
(1.3) ‖F(g)‖Lp ≤ C‖g‖L1 .
We note that a similar result for B is not known. It is noticed in some recent papers [Zey13,
Che17, CZ16b, EM16, EM17] that on some non-smooth domains B exhibits degenerate Lp regu-
larity; however, it is not known if a similar result holds on smooth domains. Recently, in [HZ17]
low-level Lp regularity is obtained for the ∂-Neumann operator, and the canonical solutions oper-
ators, but not for the Bergman projection. Furthermore, this low-level Lp boundedness of F can
be also turned into low-level Sobolev boundedness, with a gain compared to the similar statement
for B in [Koh99, BC00].
Theorem 1.4. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain, then F : A2(Ω) →
W s(Ω) is bounded for any s < η/(4n), where η is the Diedrich-Fornaess exponent of Ω.
As indicated above, the Bergman projection B can exhibit various irregularity results on non-
smooth domains. So it is a natural question whether F still has smoothing properties on non-
smooth domains. In the third section of this note we study F on two model domains: Hartogs
triangle
H = {(z1, z2) ∈ C
2 | |z1| < |z2| < 1}
and an exponential version of it
H∞ = {(z1, z2) ∈ C
2 | |z1| < e
− 1
|z2| , z2 ∈ D
∗}.
In particular we establish gain in integrability on these domains.
Proposition 1.5. On the Hartogs triangle H, the Friedrichs operator
F : A2(H)→ Ap(H)
is bounded for any p ∈ [2, 4), whereas the Bergman projection B does not map L2(H) into Ap(H)
for any p > 2.
Proposition 1.6. On the exponential Hartogs triangle H∞, the Friedrichs operator
F : A2(H∞)→ A
p(H∞)
is bounded for any p ∈ [2,∞), but not for p =∞.
Finally, within the same section, we look at the smoothing properties of F2 := F ◦ F. It
follows from the definition that F is not complex-linear but F2 is. Furthermore, F2 is positive
and self-adjoint. The spectral properties of F2 can be used to relate two closed subspaces A2(Ω)
and A2(Ω) within L2(Ω), see [Sha92, Section 8.4]. In the context of this note, it turns out that
the square of the Friedrichs operator gains more integrability than F itself on two model domains
H and H∞.
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2. Gaining Integrability and Differentiability on Smooth Pseudoconvex Domains
In this section we prove Theorems 1.1, 1.2, and 1.4. The first result indicates how F gains
integrability under certain assumption on B, the second and third ones show that on any smoothly
bounded pseudoconvex domain F exhibits regularity on Lp and W s spaces.
2.1. Gain in integrability. We first consider a slightly more general version of Theorem 1.1.
Theorem 2.1. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain. If for some p > 2, there
exists r′ ∈ [1,∞] such that B : Lp
′
(Ω) → Ar
′
(Ω) is bounded1, where p′ is the conjugate exponent
of p, then F : A2(Ω)→ Ap(Ω) is bounded. Moreover, for g ∈ A2(Ω), we have
‖F(g)‖Lp ≤ C‖g‖L1 .
Proof. For g ∈ A2(Ω), by duality of Lp spaces, we have
‖F(g)‖Lp = sup
‖h‖
Lp
′=1
|〈F(g), h〉| = sup
‖h‖
Lp
′=1
|〈g¯,B(h)〉| = sup
‖h‖
Lp
′=1
|〈1, gB(h)〉| .
By Bell’s lemma [Bel81, Lemma 2], there is bounded linear operator Φs : HW s(Ω)→ W s0 (Ω) such
that BΦs = Id, where HW s(Ω) = W s(Ω) ∩ O(Ω). So we have
‖F(g)‖Lp = sup
‖h‖
Lp
′=1
|〈BΦs(1), gB(h)〉|
for some s to be determined later.
Since Ω is bounded smooth pseudoconvex, Catlin’s result [Cat80, Theorem 3.1.4] implies that
A∞(Ω) = O(Ω) ∩ C∞(Ω) is dense in HW s(Ω). In particular, A∞(Ω) is dense in A2(Ω). So the
identity
〈BΦs(1), gf〉 = 〈Φs(1),B(gf)〉 = 〈Φs(1), gf〉
holds for all f ∈ A∞(Ω), and hence for all f ∈ A2(Ω). Note that Lp
′
(Ω) ∩ L2(Ω) is dense in
Lp
′
(Ω). If h ∈ L2(Ω), then B(h) ∈ A2(Ω). So we see that
‖F(g)‖Lp = sup
‖h‖
Lp
′=1
|〈BΦs(1), gB(h)〉|
= sup
‖h‖
Lp
′=1, h∈Lp
′(Ω)∩L2(Ω)
|〈BΦs(1), gB(h)〉|
= sup
‖h‖
Lp
′=1, h∈Lp
′(Ω)∩L2(Ω)
|〈Φs(1), gB(h)〉|
= sup
‖h‖
Lp
′=1
|〈Φs(1), gB(h)〉| .
By Sobolev embedding, we can pick s sufficiently large, so that on Ω we have
|Φs(1)| ≤M · δ2n
for some constant M > 0, where δ is the distance function to the boundary ∂Ω. Note that B(h)
is holomorphic, by the mean-value theorem and Ho¨lder inequality we have
|B(h)(z)| ≤
1
|B(z; δ(z))|
∫
Ω
|B(h)| ≤
C|Ω|1/r
δ(z)2n
‖B(h)‖Lr′ ≤
C
δ(z)2n
‖h‖Lp′ ,
where B(z; δ(z)) is the ball centered at z of radius δ(z).
1When r′ =∞, the target space becomes H∞(Ω).
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Combining all these estimates, we see that
‖F(g)‖Lp = sup
‖h‖
Lp
′=1
|〈Φs(1), gB(h)〉|
≤ sup
‖h‖
Lp
′=1
∫
Ω
|Φs(1)(z)g(z)B(h)(z)| dV (z)
≤
∫
Ω
M · δ(z)2n · |g(z)| ·
C
δ(z)2n
dV (z)
= C‖g‖L1 ,
which completes the proof. 
Proof of Theorem 1.1. If B : Lr(Ω)→ Ap(Ω) is bounded for some r ∈ [p,∞), then by duality we
have for f ∈ Lp
′
‖B(f)‖Lr′ = sup
‖h‖Lr=1
|〈B(f), h〉|,
where r′ and p′ are the conjugate exponents of r and p respectively. Since B is self-adjoint, we
have
sup
‖h‖Lr=1
|〈B(f), h〉| = sup
‖h‖Lr=1
|〈f,B(h)〉|.
By Ho¨lder inequality, we see that
sup
‖h‖Lr=1
|〈f,B(h)〉| ≤ sup
‖h‖Lr=1
‖f‖Lp′‖B(h)‖Lp
≤ C‖f‖Lp′ ,
which implies that B : Lp
′
(Ω) → Ar
′
(Ω) is bounded. Now the conclusion follows from Theorem
2.1. 
Next we prove a partial low-level Lp regularity result for the Bergman projection B.
Lemma 2.2. Let r > 2, Ω ⊂ Cn be a smoothly bounded pseudoconvex domain, and η be the
Diedrich-Fornaess exponent of Ω.
(1) If r ≥ 21−η , then B : L
r(Ω)→ Ap(Ω) is bounded for any p ∈ [2, 4n2n−η ).
(2) If 21−η > r > 2, then B : L
r(Ω)→ Ap(Ω) is bounded for any p ∈ [2, 4nr(2n−1)r+2 ).
Proof. For p ≥ 2 and f ∈ Lr(Ω), by the Sobolev embedding theorem we have
‖B(f)‖Lp ≤ ‖B(f)‖W s ,
where 1/p = 1/2 − s/(2n) or equivalently s = n(1 − 2p). B(f) is a holomorphic function, so for
0 ≤ s < 1/2 we have
‖B(f)‖W s ≤ ‖B(f)‖L2(δ−2s)
by [JK95, Theorem 4.2] and [Det81, Lemma 1]. Indeed, these two norms are comparable to each
other [BC00]. By the weighted estimate in [BC00] the paragraph above Theorem 2.4, we have
‖B(f)‖L2(δ−2s) ≤ C‖f‖L2(δ−2s) = C
(∫
Ω
|f |2δ−2s
)1/2
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for 2s < η. Since η < 1, two requirements p ≥ 2 and 2s < η indeed guarantee that 0 ≤ s < 1/2.
By Ho¨lder inequality, we see that
(∫
Ω
|f |2δ−2s
)1/2
≤
(∫
Ω
|f |r
)1/r (∫
Ω
δ−2s·
r
r−2
) r−2
2r
= C‖f‖Lr ,
provided −2s · rr−2 > −1 or equivalently 2s <
r−2
r .
In summary, for p ≥ 2, s = n(1− 2p), and f ∈ L
r(Ω), if 2s < η and 2s < r−2r , then we have
‖B(f)‖Lp ≤ C‖f‖Lr .
(1) When r−2r ≥ η, i.e. r ≥
2
1−η , the requirement η > 2s = 2n(1−
2
p) gives p <
4n
2n−η .
(2) When r−2r < η, i.e.
2
1−η > r, the requirement
r−2
r > 2s = 2n(1−
2
p) gives p <
4nr
(2n−1)r+2 .

Remark 2.3. This result indicates that even though B may not preserve low-level Lp spaces, it
still doesn’t degenerate as on non-smooth domains. In particular, if we choose ε > 0 small enough
and set r = 2 + ε, then the upper limit for the target space becomes 2 + ε 24n+2nε−ε . Therefore,
for small enough ε and ε′ < ε
(
2
4n+2nε−ε
)
we show that B is bounded from L2+ε(Ω) to L2+ε
′
(Ω).
With Lemma 2.2 and Theorem 1.1, now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. By Lemma 2.2, we see that B : Lr(Ω) → Ap(Ω) is bounded for any p ∈
[2, 4n2n−η ), where r ≥
2
1−η and η is the Diedrich-Fornaess exponent of Ω. Now we apply Theorem
1.1 and conclude that
F : A2(Ω)→ Ap(Ω)
is bounded for any p ∈ [2, 2 + ε), where ε = 2η2n−η and for g ∈ A
2(Ω)
‖F(g)‖Lp ≤ C‖g‖L1 .

If condition R holds, [HMS13, Corollary 1.12] shows that F : A2(Ω) → C∞(Ω¯). Here we
conclude an analogous statement, where condition R is replaced by an assumption on Lp estimates.
Corollary 2.4. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain. If for each p ∈ [2,∞),
there exists r ∈ (1,∞) such that B : Lr(Ω)→ Ap(Ω) is bounded and the operator norm is uniform
in p, then F : A2(Ω)→ H∞(Ω).
Proof. By checking the proof of Theorem 2.1 and the fact that |Ω|1/r ≤ max{|Ω|, 1}, for g ∈ A2(Ω)
we have
‖F(g)‖Lp ≤ C‖g‖L1
for all p ∈ [2,∞) with C > 0 independent of p. The conclusion follows by letting p→∞. 
2.2. Gain in differentiability. In this section we prove Theorem 1.4 as a consequence of The-
orem 1.2 by showing the following lemma.
Lemma 2.5. Let Ω ⊂ Cn be a smoothly bounded pseudoconvex domain and let η be the Diedrich-
Fornaess exponent of Ω. If F : A2(Ω) → Ap(Ω) is bounded for some p < 4n/(2n − η), then
F : A2(Ω)→W s(Ω) is bounded for any s < (p− 2)/2p.
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Proof. For any g ∈ A2(Ω) and 0 ≤ s < 1/2, the holomorphic function F(g) satisfies
‖F(g)‖W s ≤ ‖F(g)‖L2(δ−2s) =
(∫
Ω
|F(g)|2δ−2s
)1/2
by [JK95, Theorem 4.2] and [Det81, Lemma 1], where δ is the distance function to ∂Ω. Then by
Ho¨lder inequality, we see that
(∫
Ω
|F(g)|2δ−2s
)1/2
≤
(∫
Ω
|F(g)|p
)1/p
·
(∫
Ω
δ−2s·p/(p−2)
)(p−2)/2p
= C‖F(g)‖Lp ≤ C‖g‖L2 ,
provided p < 4n/(2n − η) and 2sp/(p− 2) < 1. This shows that
‖F(g)‖W s ≤ C‖g‖L2
for any s < (p− 2)/2p. 
Remark 2.6. The converse is also true, for the larger range s < η/2. Indeed, by the Sobolev
embedding theorem we have
F : A2(Ω)→W s(Ω) →֒ Lp(Ω),
where 1/p = 1/2− s/(2n). So if s < η/2, then p < 4n/(2n − η).
Proof of Theorem 1.4. By Lemma 2.5, Theorem 1.2 and the upper bound for p in Lemma 2.2 (1),
it is easy to see that F : A2(Ω)→W s(Ω) is bounded for any s < η/(4n).

On planar domains, if the boundary is smooth enough then F is compact on the Bergman space
[Fri37]. Below by using Rellich’s lemma, we conclude a similar statement in higher dimensions.
See [KLLR96] for stronger conclusions under condition R assumption.
Corollary 2.7. Let Ω be a bounded smooth pseudoconvex domain in Cn. Then the Friedrichs
operator F : A2(Ω)→ A2(Ω) is compact.
Proof. This follows from Theorem 1.4 and the compactness of the inclusion W s(Ω) →֒ L2(Ω). 
3. The Friedrichs operator on H and H∞
The Bergman projection operator B exhibits interesting Lp mapping properties on the Hartogs
triangle
H = {(z1, z2) ∈ C
2 | |z1| < |z2| < 1},
and on an exponential version of it
H∞ = {(z1, z2) ∈ C
2 | |z1| < e
− 1
|z2| , z2 ∈ D
∗}.
It turns out that B is bounded on Lp(H) if and only if p ∈ (43 , 4) [CZ16a, Che17, EM16] and B is
bounded on Lp(H∞) if and only if p = 2 [CZ16b]. The main reason for these irregularities is the
singular points on the boundaries of these domains. However, F and F2 still gain integrability on
these domains.
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3.1. The Hartogs triangle H. Since B is bounded on Lp(H) for p ∈ (43 , 4), F inherits this
boundedness range. However, as on smooth pseudoconvex domains, F satisfies better estimates.
Proposition 3.1. On the Hartogs triangle H, the Friedrichs operator
F : A2(H)→ Ap(H)
is bounded for any p ∈ [2, 4).
We note that the Bergman projection B does not map L2(H) into Ap(H) for any p > 2. This
can be easily seen by the example f(z) = 1
(1−z2)2/p
for z ∈ H and given p > 2.
Proof. We start working on the equivalent weighted space A2(D∗, |z|2), see [CZ16a, Che17]. The
Bergman kernel is given by
B(z, w) =
∑
k≥−1
k + 2
π
zkw¯k
for z, w ∈ D∗. Given f ∈ A2(D∗, |z|2), we write
f(w) =
∑
k≥−1
akw
k
for w ∈ D∗. A direct computation shows
F(f)(z) = B(f¯)(z) =
∫
D∗
( ∑
k≥−1
k + 2
π
zkw¯k
)( ∑
n≥−1
a¯nw¯
n
)
|w|2 dA(w)
=
a¯1
2
z−1 + a¯0 +
3a¯−1
2
z
(3.2)
for z ∈ D∗. When 2 ≤ p < 4, we have(∫
D∗
|F(f)(z)|p|z|2 dA(z)
)1/p
≤
|a1|
2
(∫
D∗
|z−1|p|z|2 dA(z)
)1/p
+ |a0|
(∫
D∗
|z|2 dA(z)
)1/p
+
3
2
|a−1|
(∫
D∗
|z|p|z|2 dA(z)
)1/p
=
=
|a1|
2
( 1
4− p
· 2π
)1/p
+ |a0|
(1
4
· 2π
)1/p
+
3
2
|a−1|
( 1
p+ 4
· 2π
)1/p
≤ Cp(|a1|+ |a0|+ |a−1|).
Note that
a−1 =
1
2πi
∫
|z|=r
f(z) dz,
so we have
|a−1| ≤
1
2π
· r
∫ 2pi
0
|f(reiθ)| dθ
and hence
|a−1| ≤
3
2π
∫
D∗
|f(z)||z|2 dA(z).
Similarly, we have
(3.3) |a0| ≤
2
π
∫
D∗
|f(z)||z|2 dA(z)
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and
(3.4) |a1| ≤
5
2π
∫
D∗
|f(z)||z|2 dA(z).
Therefore, we have a better estimate(∫
D∗
|F(f)(z)|p|z|2 dA(z)
)1/p
≤ Cp
∫
D∗
|f(z)||z|2 dA(z)
for p ∈ [2, 4), which proves the proposition. 
3.2. The exponential Hartogs triangle H∞. We know that the Bergman projection
B : Lp(H∞)→ A
p(H∞)
is bounded only when p = 2, see [CZ16b, Theorem 1.3]. Now we turn to F.
We first look at the auxiliary function2
I˜(x) =
∫ 1
0
rxe−
2
r dr
for x ∈ R. By the asymptotic behavior of I(x) [CZ16b, Lemma 2.1], we see that
(3.5) I˜(x) ≈
1
x+ 1
and
(3.6) I˜(−x) ≈
(
1
2
)x−1
Γ(x− 1)
as x → ∞. Let α = (α1, α2) ∈ Z
2, we consider the orthonormal basis {cαz
α1
1 z
α2
2 }α1≥0,α2∈Z for
A2(H∞), where
(3.7) c−2α =
∫
H∞
|z1|
2α1 |z2|
2α2 dV (z) =
π
α1 + 1
∫
D∗
|z2|
2α2e
−
2α1+2
|z2| dA(z2).
Proposition 3.8. On the exponential Hartogs triangle H∞, the Friedrichs operator
F : A2(H∞)→ A
p(H∞)
is bounded for p ∈ [2,∞), but not for p =∞.
Proof. A straightforward computation shows
F(z2) =
c
z2
/∈ H∞(H∞)
for some constant c (see (3.9) below). So F does not map H∞(H∞) into H
∞(H∞).
For the boundedness part, let z, w ∈ H∞, then we have the Bergman kernel
B(z, w) =
∑
α1≥0,α2∈Z
c2αz
α1
1 z
α2
2 w¯
α1
1 w¯
α2
2 .
For f ∈ A2(H∞), we write
f(z) =
∑
α1≥0,α2∈Z
aαz
α1
1 z
α2
2 .
2We write A ≈ B to mean that there exists c > 0 such that c−1A < B < cA.
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Then we see that
B(f¯)(z) =
∫
H∞
( ∑
α1≥0,α2∈Z
c2αz
α1
1 z
α2
2 w¯
α1
1 w¯
α2
2
)( ∑
β1≥0,β2∈Z
aβw
β1
1 w
β2
2
)
dV (w)
= π
∑
α2,β2∈Z
∫
D∗
c2(0,α2)z
α2
2 a¯(0,β2)w¯
α2+β2
2 e
− 2
|w2| dA(w2)
= C
∑
α2∈Z
c2(0,α2)z
α2
2 a¯(0,−α2)
(3.9)
for z ∈ H∞. Note that the residue of a meromorphic function can be computed by integration
along a circle centered at 0 of some radius r. So for z2 ∈ D
∗ and r1 < exp(−1/|z2|) we have∫
|z1|=r1
f(z1, z2) dz1
z1
= 2πi
∑
α2∈Z
a(0,α2)z
α2
2 ,
or equivalently
1
2π
∫ 2pi
0
f(r1e
iθ1 , z2) dθ1 =
∑
α2∈Z
a(0,α2)z
α2
2 .
Similarly, for r2 ∈ (0, 1) we have
1
2π
∫
|z2|=r2
∫ 2pi
0
f(r1e
iθ1 , z2) dθ1
zα2+12
dz2 = 2πia(0,α2),
or equivalently
1
4π2
∫ 2pi
0
∫ 2pi
0
f(r1e
iθ1 , r2e
iθ2) dθ1 dθ2
(r2eiθ2)α2
= a(0,α2).
So for α2 ∈ Z we obtain
a(0,−α2) =
1
4π2
∫ 2pi
0
∫ 2pi
0
f(r1e
iθ1 , r2e
iθ2)rα22 e
iα2θ2 dθ1 dθ2,
and hence
|a(0,−α2)| ≤
1
4π2
∫ 2pi
0
∫ 2pi
0
|f(r1e
iθ1 , r2e
iθ2)|rα22 dθ1 dθ2.
Therefore, we have
∫ 1
0
∫ e− 1r2
0
|a(0,−α2)|r1r
−α2+1
2 dr1 dr2 ≤
1
4π2
∫ 1
0
∫ e− 1r2
0
∫ 2pi
0
∫ 2pi
0
|f(r1e
iθ1 , r2e
iθ2)|r1r2 dθ1 dθ2 dr1 dr2,
which implies
(3.10) |a(0,−α2)| ≤ C
(
I˜(−α2 + 1)
)−1 ∫
H∞
|f(z)| dV (z).
For α2 ∈ Z, if we let α1 = 0 in (3.7), then we obtain
(3.11) c2(0,α2) = C
(
I˜(2α2 + 1)
)−1
.
Note that for each α2 ∈ Z, we have
‖zα22 ‖Lp(H∞) =
(∫
H∞
|z2|
α2p dV (z)
)1/p
= Cp
(
I˜(α2p+ 1)
)1/p
.
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Therefore, we have the following estimate(∫
H∞
|B(f¯ )(z)|p dV (z)
)1/p
≤ Cp
∑
α2∈Z
(
I˜(2α2 + 1)
)−1 (
I˜(α2p+ 1)
)1/p (
I˜(−α2 + 1)
)−1 ∫
H∞
|f(z)| dV (z).
Note that by the asymptotic behavior of I˜ and Stirling’s formula, we have
∑
α2≥0
(
I˜(2α2 + 1)
)−1 (
I˜(α2p+ 1)
)1/p (
I˜(−α2 + 1)
)−1
≈
∑
α2≥0
2α2 + 2
(α2p+ 2)1/p ·
(
1
2
)α2−2Γ(α2 − 2)
.
∑
α2≥0
2α2
α2!
<∞.
and for k = −α2
∑
α2<0
(
I˜(2α2 + 1)
)−1 (
I˜(α2p+ 1)
)1/p (
I˜(−α2 + 1)
)−1
=
∑
k>0
(
I˜(−2k + 1)
)−1(
I˜(−kp+ 1)
) 1
p
(
I˜(k + 1)
)−1
≈
∑
k>0
(k + 2)
(
1
2
) kp−2
p
(
Γ(kp− 2)
)1/p
(
1
2
)2k−2
Γ(2k − 2)
≈
∑
k>0
(k + 2)2k(kp − 3)
1
2p
(
kp−3
e
)k−3/p
(2k − 3)1/2
(
2k−3
e
)2k−3
.
∑
k>0
τk
kk
<∞
for some constant τ > 1. So we have∑
α2∈Z
(
I˜(2α2 + 1)
)−1 (
I˜(α2p+ 1)
)1/p (
I˜(−α2 + 1)
)−1
<∞.
and hence a better estimate(∫
H∞
|B(f¯)(z)|p dV (z)
)1/p
≤ Cp
∫
H∞
|f(z)| dV (z),
which implies that
F : A2(H∞)→ A
p(H∞)
is bounded for p ∈ [2,∞). 
3.3. The square of the Friedrichs operator, F2 = F ◦ F. We have already seen in §3.1 that
(1) B : Lp(H)→ Ap(H) is bounded for p ∈ (4/3, 4), and
(2) F : A2(H)→ Ap(H) is bounded for p ∈ [2, 4).
We again consider the orthonormal basis
{√
n+2
pi z
n
}
n≥−1
for the space A2(D∗, |z|2). So we
have the formula for the Bergman kernel on D∗ × D∗
B(z, w) =
∑
n≥−1
n+ 2
π
znw¯n =
1
π
·
1
zw¯
·
1
(1− zw¯)2
.
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Note that when p = 4, B and F are unbounded since B(z¯) = c/z /∈ A4(D∗, |z|2) for some
constant c. However, F2(z) = 34z ∈ A
4(D∗, |z|2).
Proposition 3.12. On the Hartogs triangle H, the operator F2 is bounded on Lp(H) for all
p ∈ [2,∞]. Indeed, we have the mapping property that
(1) F2 : A2(H)→ Ap(H) is bounded for all p ∈ [2, 4);
(2) F2 : A4(H)→ Ap(H) is bounded for all p ∈ [4,∞].3
In either case, we have a better estimate ‖F2(f)‖Lp ≤ Cp‖f‖L1 .
Proof. Case (1) follows from the fact that F : A2 → Ap is bounded for all p ∈ [2, 4) and that
F2 = F ◦ F. Note that F2(1/z) = c/z /∈ A4(D∗, |z|2) for some constant c. So F2 does not map
A2(D∗, |z|2) into A4(D∗, |z|2).
For case (2), we assume p ≥ 4, and thus 1/z /∈ Ap(D∗, |z|2). For any f ∈ Ap(D∗, |z|2), since
Ap(D∗, |z|2) ⊂ A2(D∗, |z|2), we see that f has the expansion
f(z) =
∞∑
n=0
anz
n.
Note that 1/z /∈ Ap(D∗, |z|2), f does not have the term a−1z
−1. Therefore, by (3.2) we have
F2(f)(z) = F ◦ F(f)(z)
= F
( a¯1
2
z−1 + a¯0
)
(z)
= a0 +
3
4
a1z.
By (3.3) and (3.4), we have
|a0| ≤
2
π
∫
D∗
|f(z)||z|2 dA(z)
and
|a1| ≤
5
2π
∫
D∗
|f(z)||z|2 dA(z).
So we obtain for p ∈ [4,∞)(∫
D∗
|F2(f)(z)|p|z|2 dA(z)
)1/p
≤ Cp(|a0|+ |a1|) ≤ Cp
∫
D∗
|f(z)||z|2 dA(z),
and for p =∞ ∥∥F2(f)(z)∥∥
∞
≤ C(|a0|+ |a1|) ≤ C
∫
D∗
|f(z)||z|2 dA(z).

Remark 3.13. We note that the idea here is different from using a Schur’s test argument, since
we only use the holomorphicity of f ∈ A2(H) rather than looking at some kernel estimates.
We see in the proof of Proposition 3.8 that F does not map H∞(H∞) into H
∞(H∞). It is easy
to see that F2 does not map A2(H∞) into H
∞(H∞), since by (3.9) we have
F2(
1
z2
) =
c
z2
/∈ H∞(H∞)
3When p =∞, the target space becomes H∞(H).
12 LIWEI CHEN AND YUNUS E. ZEYTUNCU
for some constant c. However, we have the following.
Proposition 3.14. On the exponential Hartogs triangle H∞, the operator F
2 : H∞(H∞) →
H∞(H∞) is bounded.
Proof. For f ∈ H∞(H∞), we write
f(z) =
∑
α1,α2≥0
aαz
α1
1 z
α2
2 .
By (3.9), we have
F2(f)(z) = F ◦ F(f)(z)
= F
(
C
∑
α2≤0
c2(0,α2)z
α2
2 a¯(0,−α2)
)
(z)
= C
∑
α2≥0
c2(0,α2)c
2
(0,−α2)
a(0,α2)z
α2
2
for some constant C. Note that by (3.10) and (3.11) we have
|a(0,α2)| ≤ C
(
I˜(α2 + 1)
)−1 ∫
H∞
|f(z)| dV (z) ≤ C
(
I˜(α2 + 1)
)−1
‖f‖L∞
and
c2(0,α2) = C
(
I˜(2α2 + 1)
)−1
.
Hence for z ∈ H∞, we see that
|F2(f)(z)| ≤ C
∑
α2≥0
c2(0,α2)c
2
(0,−α2)
|a(0,α2)|
≤ C
∑
α2≥0
(
I˜(2α2 + 1)
)−1(
I˜(−2α2 + 1)
)−1 (
I˜(α2 + 1)
)−1
‖f‖L∞ .
Note that for k = α2 ≥ 0, we have∑
k≥0
(
I˜(2k + 1)
)−1(
I˜(−2k + 1)
)−1 (
I˜(k + 1)
)−1
≈
∑
k≥0
(k + 2)(2k + 2)(
1
2
)2k−2
Γ(2k − 2)
<∞.
Therefore, we obtain
‖F2(f)‖L∞ ≤ C‖f‖L∞ .

Remark 3.15. In both cases of H and H∞ we observe different mapping properties for F
2, F,
and B, where F2 smooths the most. It is a curious question to investigate similar smoothing
properties and to compare the gain in between these operators on general pseudoconvex domains.
References
[BC00] B. Berndtsson and P. Charpentier. A Sobolev mapping property of the Bergman kernel. Math. Z., 235:1–
10, 2000.
[Bel81] Steven R. Bell. Biholomorphic mappings and the ∂¯-problem. Ann. of Math. (2), 114(1):103–113, 1981.
[Cat80] D. Catlin. Boundary behavior of holomorphic functions on pseudoconvex domains. J. Diff. Geom.,
15:605–625, 1980.
[Che17] Liwei Chen. The Lp boundedness of the Bergman projection for a class of bounded Hartogs domains. J.
Math. Anal. Appl., 448(1):598–610, 2017.
SMOOTHING PROPERTIES OF THE FRIEDRICHS OPERATOR 13
[CZ16a] Debraj Chakrabarti and Yunus E. Zeytuncu. Lp mapping properties of the Bergman projection on the
Hartogs triangle. Proc. Amer. Math. Soc., 144(4):1643–1653, 2016.
[CZ16b] Liwei Chen and Yunus E. Zeytuncu. Weighted Bergman projections on the Hartogs triangle: exponential
decay. New York J. Math., 22:1271–1282, 2016.
[Det81] J. Detraz. Classes de bergman de fonctions harmoniques. Bull. Soc. Math. France, 109:259–268, 1981.
[EM16] L. D. Edholm and J. D. McNeal. The Bergman projection on fat Hartogs triangles: Lp boundedness.
Proc. Amer. Math. Soc., 144(5):2185–2196, 2016.
[EM17] L. D. Edholm and J. D. McNeal. Bergman subspaces and subkernels: degenerate Lp mapping and zeroes.
J. Geom. Anal., 2017.
[Fri37] Kurt Friedrichs. On certain inequalities and characteristic value problems for analytic functions and for
functions of two variables. Trans. Amer. Math. Soc., 41(3):321–364, 1937.
[HM12] A.-K. Herbig and J. D. McNeal. A smoothing property of the Bergman projection. Math. Ann.,
354(2):427–449, 2012.
[HMS13] A.-K. Herbig, J. D. McNeal, and E. J. Straube. Duality of holomorphic function spaces and smoothing
properties of the bergman projection. Trans. Amer. Math. Soc., 366(2):647–665, 2013.
[HZ17] Philip S. Harrington and Yunus E. Zeytuncu. Lp mapping properties for the Cauchy-Riemann equations
on Lipschitz domains admitting subelliptic estimates. arXiv:1705.07374, 2017.
[JK95] D. Jerison and C. Kenig. The inhomogeneous dirichlet problem in Lipschitz domains. J. Funct. Anal.,
130:161–219, 1995.
[KLLR96] Steven G. Krantz, Song-Ying Li, Peng Lin, and Richard Rochberg. The effect of boundary regularity
on the singular numbers of Friedrichs operators on Bergman spaces. Michigan Math. J., 43(2):337–348,
1996.
[Koh99] J. J. Kohn. Quantitative estimates for global regularity. In Analysis and geometry in several complex
variables (Katata, 1997), Trends Math., pages 97–128. Birkha¨user Boston, Boston, MA, 1999.
[PS00] Mihai Putinar and Harold S. Shapiro. The Friedrichs operator of a planar domain. In Complex analysis,
operators, and related topics, volume 113 of Oper. Theory Adv. Appl., pages 303–330. Birkha¨user, Basel,
2000.
[PS01] Mihai Putinar and Harold S. Shapiro. The Friedrichs operator of a planar domain. II. In Recent advances
in operator theory and related topics (Szeged, 1999), volume 127 of Oper. Theory Adv. Appl., pages 519–
551. Birkha¨user, Basel, 2001.
[RZ16] Sivaguru Ravisankar and Yunus E. Zeytuncu. A note on smoothing properties of the Bergman projection.
Internat. J. Math., 27(11):1650087, 10, 2016.
[Sha87] Harold S. Shapiro. Unbounded quadrature domains. In Complex analysis, I (College Park, Md., 1985–
86), volume 1275 of Lecture Notes in Math., pages 287–331. Springer, Berlin, 1987.
[Sha92] Harold S. Shapiro. The Schwarz function and its generalization to higher dimensions, volume 9 of Uni-
versity of Arkansas Lecture Notes in the Mathematical Sciences. John Wiley & Sons, Inc., New York,
1992. A Wiley-Interscience Publication.
[Zey13] Yunus E. Zeytuncu. Lp regularity of weighted Bergman projections. Trans. Amer. Math. Soc.,
365(6):2959–2976, 2013.
(Liwei Chen) The Ohio State University, Department of Mathematics, Columbus, OH 43210
E-mail address: chen.1690@osu.edu
(Yunus E. Zeytuncu)University of Michigan - Dearborn, Department of Mathematics and Statistics,
Dearborn, MI 48128
E-mail address: zeytuncu@umich.edu
